The formalism for the calculation of translational friction coefficients of symmetric top macromolecules presented in a previous paper [M. M. Tirado and J. Garcia de la Torre, J. Chem. Phys. 71, 2585 is here extended to the evaluation of rotational friction and diffusion coefficients. We show how the introduction of symmetry considerations leads to a great reduction of the computational requirements needed to solve the hydrodynamic interaction equations. We also obtain the translation-rotation coupling tensor from which the center of hydrodynamic stress can be obtained. For a rigid ring we have derived analytical solutions that reduce to those obtained by other authors when the unmodified interaction tensor is used. The general formalism is finally applied to the calculation of the rotational diffusion coefficients of circular cylinders modeled as stacks of rings and extrapolated to zero bead size. The resulting values are critically compared with those from earlier studies.
I. INTRODUCTION
In a previous paper, 1 which will be hereafter referred to as Paper I, we considered the calculation of the translational friction tensor of rigid symmetric top macromolecules. The symmetry elements that characterize this kind of particle, namely, an axis of symmetry plus a symmetry plane containing the axiS, were taken into account to devise a modified method which is far more effiCient than the standard one 2 -a in regard to computer requirements. Thus, we were able to calculate friction coefficients of models composed of a very large number of frictional elements, near the ideal shell-model limit. 7 In this paper we present a similar treatment for the rotational coeffiCients of rigid symmetric top macromolecules. Rotation is considered around both the symmetry axis and any axis perpendicular to it. In the latter case, obtaining of the center of hydrodynamic stress 8 ,9 is necessary, and is accomplished with full inclusion of hydrodynamic interaction by using results of previous work. 10, 11 The rotation about a perpendicular axis had been studied earlier 12 -15 in a one dimensional scheme, by assuming that the frictional forces were in the same direction as the unperturbed linear velocities. Although this is only true for some particular instances, 16 generalization to other cases was made in order to achieve a notable simplification in the computational procedures that made it possible the calculation for complex models of T-even phage. 13 Here we discuss this approach by looking at the approximations that are involved in it and comparing its results with those from the rigorous treatment.
The major application of the method for translation in Paper I was to obtain the translational friction coefficients of rigid cylinders, and two important conclusions were drawn. First, the effect of the end plates was shown to be negligible. Second, our results along with those from many other studies were in remarkable disagreement with Broersma's theory. 17 An independent work by NOl'isuye et al. 18 seems to confirm both facts. In this paper we shall carry out a similar application to calCulate the rotational friction coefficients of cylinders over a wide range of the lengthto-diameter ratiOS, and the results will be critically compared with those predicted by other authors.
II. THEORY

A. Generalities
Throughout this paper we use the definitions and notation introduced in Paper I. Let us choose a system of Cartesian coordinates (Xl' X2' x 3 ) in such a way that X3 is the symmetry axis. No restriction is placed on Xl and X2' The center of coordinates is an arbitrary point O. For each bead cylindrical coordinates (OJ, r j , Zj), i = 1, ... ,N, are defined,l with z:; x 3 • The N beads composing the model are considered as a set of N r rings. The kth ring has n k beads, with n k = S, S being the symmetry number, or n k = 1 when the ring just consists of a bead lying on the Z axis. Thus, each ring is characterized by Ok' r k , Zk' where 0k=min(Oj), iEk.
As z coincides with the axis of symmetry, the translational friction tensor 2 t , and the rotational friction tensor at any point P, :E:p r are diagonalS with two equal com-
ponen s -t =:='t an :='P,r = :='P,r' :='P,r correspon s 0 rotation around the axis of symmetry and obviously does not depend on the choice of P. However, 2}},r for a perpendicular axis, does depend on P. The third fundamental tensor for characterizing the Brownian dynamics of the particle is the translation-rotation coupling tensor 3 ,a,lo :E:p,c, which is also origin dependent. For symmetric tops, :a:R,c = 0 when referred to R, the center of hydrodynamic stress. a Then the translational and rotational diffusion tensors D t and Dr are given by
Here kB is Boltzmann's constant and T is the absolute temperature {not to be confused with interaction tensors [Eq. (4)] or torques [Eq. (27) ]). When the particle has in addition a center of symmetry, it coincides with R; such is the case for cylinders. Otherwise R has to be calculated from the translation and coupling tensors.
For symmetric tops, an especially simple relation holds
where ZOR is the distance between R and the origin of coordinates along the Z axis.
B. Rotation around the symmetry axis 'E.;3
The hydrodynamic interaction equation in cylindrical coordinates is givEn by Eq. (I. 13) (I denotes Paper I):
, .1 {;., u~, and Jij are, respectively, the Stokes-law frictional coefficient of bead i, 671Tjo<T., and the cylindrical components of the unperturbed velocities and frictional forces. The T~J are the modified interaction tensors in cylindrical coordinates, Eqs. (I.A1-I.A12) in Paper I.
When the particle is rotating around its symmetry axis with angular velocity w, the unperturbed velocity of the ith bead is (5) the r and Z components being zero. Then, by performing Jacobi iterations on Eq. (4) it is easily shown that the forces have the same form, i. e. ,
and therefore Eq. (4) reduces to a scalar equation 
,
Now we define
Note that C 1 behaves like a shielding coefficient (C.-1 for weak interaction, C. -0 for strong interaction). From Eqs. (7) and (8) we get
In the present case the velocity field has the same symmetry as the particle. Hence, the forces (9 components) must be identical for all the beads in a given ring, i. e. , F:=F:' iEk, or C.=C~ since r.=r. and {;.={;". Moreover, the sum in Eq. (9) can be decomposed as follows 1 :
Thus, Eq. (9) now reads N I: B",C,=l, k=l, •.. , N" , .1 where The total torque on the particle is given by D. Rotation around a perpendicular axis 'E.~:r
If the particle is rotating around axis 2, which is perpendicular to the symmetry axis at an arbitrary point 0, with angular velocity w', then the unperturbed velocity of the ith bead in Cartesian coordinates is
where d t = (x! , 0, ~) is the radius the ith bead with respect to axis 2. In cylindrical coordinates, ui=A.u., so that u~=w' (-:::::~.) .
-r"cos9.
We see that the components of the unperturbed velocities 
Equation (19), for instance, states that Ff /uf is equal for aU beads belonging to the same ring, which is to be expected owing to the symmetry of the particle. We have also confirmed Eqs. (19)- (21) in two other ways: first, by performing Jacobi iterations on Eq. (4); and second, by inspection of the numerical solution of Eq.
(4) for a number of arbitrary particles.
Thus, Eqs. (19)- (21) allow a great simplification in the treatment of the hydrodynamic interaction equations. If the double sum in Eq. (4) is decomposed according to Eq. (10) and use is made of Eqs. (18)- (21), one gets after some straightforward manipulation that Eq. (4) is equi valent to
I =1
The P~/'S and X;s are formulated in Appendix A. Thus, the original system of N linear equations, Eq. (4), is reduced to a new system, given by Eqs. (22)- (24), which has only 3N r unknowns. Once Eqs~ (22)- (24) are solved by direct inversion or Gauss-Siedel iterations, the frictional forces are given by Eqs. (19)-(21). Next we transform to Cartesian components by means of the A/s, the result being
By summation of Eqs. (25) 
and
• =1 It can be demonstrated that Eq. (29) is equivalent to Eq. (16).
On the other hand, Eqs. (25)- (27) can be used to obtain the individual torques from which the total torque
3 )T can be obtained by summation. It turns out that Tl = T3 = 0, and the frictional coefficient for the perpendicular axes,
is found to be
• =1
(31)
E. Computational procedures
It is usual to characterize rotational dynamics in terms of diffusion coefficients. For a symmetric top macromolecule there are only two D~ and D!, which correspond to the symmetry axis and to any perpendicular axis. According to Eq. (2), these are given by (32)
D~ can be obtained via Eqs. (14) and (32) In a similar way we can derive an analytical solution for rotation around an axis perpendicular to that of symmetry. As the center of hydrodynamic stress is the ring's center, such an axis coincides with a diameter.
For Ny = 1, Eqs. (22)- (24) represent a system of three linear equations that can easily be solved for E f, E r , and E:. All the beads in the ring have Zj = 0, so that xf = X r = pff = p r: = Pff = p:r = 0 ,
and this gives
If we now take i = s and OJ = 21Tas before, the use of Eqs.
(31) and (33) leads to
It can be shown that in the case of the unmodified tensor, Eq. (38) reduces to Eq. (80) in the paper by Yamakawa and Yamaki. 16
G. An approximate method A further reduction in the computational effort needed to get the rotational coefficients can be achieved by making approximations in the formalism we have presented so far .. Some alternatives in this direction are presented here.
Let us now define a new system of cylindrical coordinates whose axial, radial and angular coordinates are denoted, respectively, as t, p, and cp in such a way that t is measured along the rotation (not the particle's) axis. Following Yamakawa and Yamaki,16 we adopt the Simplifying assumption that the frictional force at element i is proportional to its unperturbed linear velocity Uj , and define a factor H j by means of (39) where uj = (w1pj , 0, 0). If t is the symmetry axis or any axis perpendicular to it, one can show that H j =H" for all the elements belonging to ring k. This tell us that the present problem is completely Similar to that solved for rotation around the symmetry axis. Then, following the same steps as in Sec. II. B we arrive at the result 
O.
For rotation around the symmetry axis, Eq. (39) is not an approximation but an exact relationship. Equations (39)-(41) reduce to (5), (6), (11), and (14) with Hk=C k , J"I=B kl , pj=rj , and2!=E!;. Let us now consider the rotation around any perpendicular axiS, such as :1'. If we look at E 1S. (17) and (25 )- (27) and consider that x~ = Zj , ~ = rj cosO j , we then find that the necessary and sufficient conditions for Eq. (39) to hold are (42) and (43) Equations (42) and (43) are simultaneously satisfied only in some particular cases. Thus, for a ring, it follows from Eq. (36) that Ef=-Ei=O and EfjEf=O=zt/r. Also, for any linear structure (recall that a bead on the symmetry axis can be regarded as a ring with n k = 1 and r k = 0) it can be straightforwardly demonstrated that E ~ = -E ~ and E = = 0, so that Eq. (43) is satisfied as well.
In previous works by Bloomfield and co_workers 12 -15 the approximate method discussed here was applied to the calculation of rotational diffusion coefficients of ellipsoidal models, lollipops, dumbbells, and T-even bacteriophage. Except in the latter case the approximation is exact because the models are linear. For the bacteriophage models (see Fig. 1 in Ref. 13) we have now recalculated D; by the exact procedure. The resulting values differ from those reported previously only by 2% for the slow forms and 5% for the fast forms. The good performance of the approximate method is surely due to the fact that the bacteriophage head and tail, which account for a large portion of the rotational friction, are modeled by collinear beads lying on the symmetry axis that therefore obey Eqs. (42) and (43).
III. APPLICATION TO CYLINDERS
A. Rotation around a perpendicular axis As in Paper I, right circular cylinders were modeled by stacking Ny rings, each composed of s touching beads of radius (J. Two stacking modes were considered. In mode A, the beads are vertically aligned, while in mode B each ring is rotated 1TIs to get closest packing. The surface element density1 A is a function of s and depends on the stacking mode. The calculations were carried out for s = 6, 8, 12, 16, and 25 in mode A and s = 6 and 12 in mode B. The radius R and length L of the cylinder are taken as the circumscribed radius and the total length of the model, respectively. Since cylinders have an additional plane of symmetry perpendicular to the axis, no translation-rotation coupling occurs, and the center of hydrodynamic stress is just the particle center. 
The variation of the rotational friction and diffusion -0.6 coefficients for rotation around a perpendicular axis can be formulated as
where p = L/2R is the length-to-diameter ratio. 0.L is the end-effect correction, that depends on p and, for our models made of discrete elements, on A as well. According to the Oseen-Burgers calculations by Yamakawa,23 0.L can be expressed as a power expansion in p -1. As we will show later, a second-degree polynomial gives an excellent reproduction of the observed behavior of Ol(P, A) for all the models when p>2, so that we retain only the three leading terms Fig. 2 . Therefore, 0l(P, 00) had to be obtained by means of quadratic extrapolation 
OJ.(p, ;\)=OJ.(p, 00)+g(P)A-
whose coefficients were calculated by least-squares fits. The OJ.(p, 00) are summarized in Table II , and, when substituted into Eq. (44) they lead to the rotational diffusion coefficients that are plotted against Inp as a continuous line in Fig. 3 . Our value for the end-effect correction in the p_oo limit is OJ.(oo, 00)=-0.662.
The first calculation of the rotational coefficients of finite cylinders was that by Broersma l9 whose results have been used extensively during the past twenty years to get the cylinder dimensions from the experimentally observed diffusion coefficient. Broersma made a theoretical calculation of D; for varying p whose results are represented by crosses in Fig. 3 . His value for the end-effect correction of infinitely long cylinders is OJ.(oo, 00) = -O. 447. He also made experimental measurements on macroscopic cylinders, that are also included in Fig. 3 . Finally, Broersma obtained a semiempirical equation that fits predominantly the experimental results at low p and the theoretical values at high p. His equation is
The problem was later reconsidered by Yamakawa and Yoshizaki. 23, 2~ First, Yamakawa 23 made a OseenBurgers-type numerical calculation of the end-effect correction, arriving at the expression 6J. '" -0.481312 -38. 9683p-1 + 3691. 64p-2
which was supposed to be correct within 1% for p> 60. The results from Eqs. (48) and (44) have also been included in Fig. 3 . In addition, he obtained the same value as Broersma 19 in an analytical evaluation at the p -00 limit. More recently Yoshizaki and Yamakawa2~ have determined the rotational coefficient of cylinders capped with hemispheroids at the ends by the use of an orthodox method of classical hydrodynamics and showed that Eq. (48) is in agreement with the exact values when p> 60. For low p, they reported results obtained by solving numerically their hydrodynamiC integral equations for different sizes of the caps, but they reported no values for uncapped cylinders like those studied in this paper. Nonetheless Yoshizaki and Yamakawa have proved that the terminal effects from the caps on the translational and rotational coefficients are negligible for p> 3 in accordance with previous works.I,IS Therefore, we have assumed that the values reported in Fig.  3 of their paper, 2~ covering the range 3 <p < 10, are those their theory would give for uncapped short cylinders. These values are plotted, after a change of ordinate, in our Fig. 3 .
Finally, we have also plotted in Fig. 3 as open circles the results for a rod composed of colinear touching spheres as calculated by Nakajima and Wada,3 so that the differences between cylindrical and noncylindrical models can be seen.
In the analysis of the results displayed in Fig. 3 it is convenient to distinguish two regions, one for short cylinders with p lesser than, say, 30, and other corresponding to long cylinders. In the region of low p, it is tempting to compare the experimental points obtained by Broersma l9 with the several theoretical predictions. As seen in Fig. 3 such comparison is most favorable for the results calculated in this paper, while the values of Broersma and Yoshizaki and Yamakawa 24 are noticeably lower and higher, respectively, than the experimental ones. The curve corresponding to our results is even closer to the experimental data than the semiempirical equation of Broersma,19 in which those pOints were taken into account. These conclUSions, however, must be taken with caution. First because our results could be a little biased owing to unknown effects in the extrapolation to ;\ -00. And second, because the experimental data could be vitiated by wall effects from the container in which measurements were done, as pointed out by Broersma himself.
All the previous calculations gave OJ. '" -0.447 for an infinitely long cylinder, while our result is OJ. = -O. 662. The discrepancy is surely due to the inadequacy of Eq.
(45) with regard to its use for extrapolating at p _ 00.
Indeed, results for models with s '" 3 and s '" 1 (rod of touching beads) that can reach a higher p for the maximum N r showed a nearly flat region in the OJ.(p, ;\) vs p-l plot in the vicinity of p"l '" a and there could be even a minimum followed by an ascending final portion of the curve. Such a trend is actually observed in the case of the end-effect correction for translational motion y, as calculated by Youngren and Acrivos25 (see Fig. 3 in Paper I).
It should be remarked that the p -00 limit is physically unattainable. All the macromolecules on could model as rigid straight cylinders, such as TMV and short pieces of DNA and polypeptides, certainly have length-to-diameter ratios p = 30-300, within the high p region of Fig. 3 When p = 200, for instance, (\(Yamakawa) = -0. 60, (\(Broersma) = -0. 74, and our calculation yields 6~ = -O. 65, an intermediate value that is closer to them than in the p -00 case. The discrepancies between the three theories probably comes from the physical or numerical approximations embodied in all of them. Fortunately, the contribution of 6~ becames less and less important as p increases, and the differences in the calculated diffusion coefficients with the three different 6/s fall well within typical instrumental errors.
To end this discussion, we would like to point out that when the axial ratio is not too large, the touching spheres model of a rod deviates remarkably from all the theoretical prediction for cylinders, as is evident from Fig. 3 . Rodlike bipolymers usually have an uniform cross-section so that the cylindrical representation is most adequate, and our analysis shows that the touching spheres rod can lead to an important overestimation of the rotational diffusion coefficient.
B. Rotation around the symmetry axis
As this case can not be treated by the Oseen-Burgers procedure, no previous theoretical studies are available, except the recent one by Yoshizaki and Yamakawa (14), and (32) for three types of cylindrical models that are denoted as in Fig. 1 . Thin lines are the least-squares quadratic curves used for interpolation and extrapolation, as formulated in Eq. (49). The thick unlabeled curve represents the results for a perfect cylinder a(ter extrapolation to infinite surface element density (Fig. 5) . quadratic function in p-l can be used for intrapolation and extrapolation (49) As it is seen Fig. 4 for a few models, the least-squares second-degree polynomials fit rather well the numerical results. For each model the A o , At, and A2 obtained by the least-squares method were used to calculate the term on the right-hand side of Eq. As in the previous case, an end-effect correction 6 11 can be used to characterize finite cylinders. A suitable definition for 6 11 is kBT/Ao1fT/oLR2D~=1+611 ' (50) where Ao = 3. 841 as obtained from the A -00 extrapolation of data for p-t = O. 6 11 is presented as a function of p-t in Table I .
It should be noted that in many cases of interest the rotation around the symmetry axis of a symmetriC top macromolecule is not observed experimentally, for the prinCipal directions of the electro-optical properties usually coincide with the rotational axes. This is in contrast with the fact that D~ is much more sensitive to the cylinder's cross section than D; and the translational diffusion coefficient are. Therefore, D; provides a potentially useful way to determine precisely the radius of rodlike macromolecules, for which the other properties give estimates that can be highly biased by uncertainties in the end-effect corrections. For instance, if a suitable chromophore could be attached in such a way that the absorbing and emitting dipoles make an angle with the symmetry axiS, D~ would be accessible from the fluorescence anisotropy decay curve. 27
